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Abstract

Recent literature on high frequency financial data includes models
that use the difference of two Poisson processes, and incorporate a
Skellam distribution for forward prices.

The exponential distribution of inter-arrival times in these models
is not always supported by data.

Fractional generalization of Poisson process, or fractional Poisson
process, overcomes this limitation and has Mittag-Leffler
distribution of inter-arrival times.

We define fractional Skellam processes via the time changes in
Skellam processes by an inverse of a standard stable subordinator.

An application to high frequency financial data is provided.
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High frequency data

I The advent of high frequency financial data has spurred new
modeling techniques to describe characteristics of trade by
trade data.

I Integer-valued processes are used in models.

I Recent literature on the subject includes models based on the
difference of two point processes.

I Difference of Poisson processes was considered in
Barndorff-Nielsen, Pollard and Shephard (2011), Carr (2011).

I Hawkes processes are discussed in Bacry, Delattre, Hoffman
and Muzy (2011, 2013).

I A drawback of the existing models, which may be at odds
with empirical facts, is exponential inter-arrival time, or time
between trades.



Skellam process
A Skellam process is defined as

S(t) = N (1)(t)− N (2)(t), t ≥ 0,

where N (1)(t), t ≥ 0 and N (2)(t), t ≥ 0 are two independent
homogeneous Poisson processes with intensities λ(1) > 0 and
λ(2) > 0 respectively.

The Skellam distribution has been introduced in Irwin (1937) and
Skellam (1946). The probability mass function of S(t) is of the
form

sk(t) = P(S(t) = k) = e−t(λ(1)+λ(2))

(
λ(1)

λ(2)

)k/2

I|k|

(
2t
√
λ(1)λ(2)

)
,

k ∈ Z = {0,±1,±2, . . .},

where Ik is the modified Bessel function of the first kind

Ik(z) =
∞∑
n=0

(z/2)2n+k

n!(n + k)!
.



Properties of the Skellam process
The Skellam process is a Lévy process with
E[exp{−θS(t)}] = exp{−tψS(1)(θ)}, and the Lévy exponent is
given by

ψS(1)(θ) =

∫ ∞
−∞

(1− e−θy )ν(dy),

where Lévy measure ν is the linear combination of two Dirac
measures: ν = λ(1)δ{1} + λ(2)δ{−1}.

The moment generating function of the Skellam process is

M(θ, t) := E[eθS(t)] = e−t(λ(1)+λ(2)−λ(1)eθ−λ(2)e−θ), θ ∈ R.

The mean and the variance are

ES(t) = (λ(1) − λ(2))t, VarS(t) = (λ(1) + λ(2))t,

and the covariance function

Cov(S(t), S(s)) = (λ(1) + λ(2)) min(t, s), t, s > 0.



Differential equations

Lemma. The Skellam process is a stochastic solution of the
following system of differential equations:

d

dt
sk(t) = λ(1)(sk−1(t)− sk(t))− λ(2)(sk(t)− sk+1(t)), k ∈ Z

with the initial conditions s0(0) = 1 and sk(0) = 0 for k 6= 0.

The moment generating function of the Skellam process solves the
differential equation

dM(θ, t)

dt
= M(θ, t)(λ(1)(eθ − 1) + λ(2)(e−θ − 1)), θ ∈ R

with the initial condition M(θ, 0) = 1.



Inverse stable subordinator

A standard α-stable subordinator D(t) is a Lévy subordinator with
Laplace transform E[e−θD(t)] = e−tθ

α
, θ > 0, t ≥ 0 with

α ∈ (0, 1).

The inverse α-stable subordinator E (t) is defined as the inverse or
first passage time of a stable subordinator D(t), that is

E (t) = inf{u ≥ 0 : D(u) > t}, t ≥ 0,

see, for example, Meerschaert and Sikorskii (2012).

Note that E (t), t ≥ 0 is non-Markovian with non-stationary and
non-independent increments. The moments are

E[E k(t)] =
tαkk!

Γ(αk + 1)
.



Properties of the inverse stable subordinator
The covariance function of this process is computed in Veilette and
Taqqu (2010) and Leonenko, Meerschaert, Schilling and Sikorskii
(2014):

Cov[E (t),E (s)] = − (st)α

Γ(1 + α)

+
1

Γ(1 + α)Γ(α)

∫ min(t,s)

0
((t − τ)α + (s − τ)α) τα−1dτ, t, s ≥ 0.

The Laplace transform of the inverse stable subordinator is

E[e−θE(t)] = Eα(−θtα), θ > 0, t ≥ 0, α ∈ (0, 1),

where

Eα(z) =
∞∑
j=0

z j

Γ(αj + 1)
z ∈ C, α ∈ (0, 1)

is one-parameter Mittag-Leffler function, see for example Mainardi
and Gorenflo (2000).



Fractional Poisson process
The fractional Poisson process (fPP) can be obtained as a renewal
process with Mittag-Leffler waiting times between events, defined
in Mainardi, Gorenflo and Scalas (2004)

Nα(t) = max{n ≥ 0 : T1 + . . .+ Tn ≤ t}, t ≥ 0, α ∈ (0, 1)

where {Tj}, j ≥ 1 are independent identically distributed random
variables with Mittag-Leffler distribution function

Fα(x) = P[Tj ≤ x ] = 1− Eα(−λxα), x ≥ 0, α ∈ (0, 1),

and Fα(x) = 0 for x < 0. The density function of Mittag-Leffler
distribution

f (x) =
d

dx
Fα(x) = λxα−1Eα,α(−λxα) x ≥ 0,

where

Eα,β(z) =
∞∑
j=0

z j

Γ(αj + β)
, z ∈ C, α > 0, β > 0

is two parameter Mittag-Leffler function.



The probability mass function of the fPP

The probability mass function of the fractional Poisson process is

qk(t) := P(Nα(t) = n) =
(λtα)n

n!

∞∑
r=0

(r + n)!

r !

(−λtα)r

Γ(α(n + r) + 1)

= (λtα)nEn+1
α,αn+1(−λtα) =

(λtα)n

n!
E(n)
α (−λtα)

where n ∈ N, and E(n)
α is the nth derivative of the one-parameter

Mittag-Leffler function. It is related to the three parameter
Mittag-Leffler function

Eγα,β(z) =
∞∑
r=0

(γ)rz
r

r !Γ(αr + β)
, α, β, γ ∈ C,

Re(α) > 0, Re(β) > 0, Re(γ) > 0,

where (γ)r = Γ(γ + r)/Γ(γ) whenever the Gamma function Γ is
defined, and (γ)0 = 1 for γ 6= 0.



Differential equations

Beghin and Orsingher (2009) show that the probability mass
function of the fractional Poisson process satisfies the system of
fractional differential equations

Dα
t q0(t) = −λq0(t)

Dα
t qn(t) = λ(qn−1(t)− qn(t))

with the initial condition q0(0) = 1, qn(0) = 0, n ≥ 1.

Here Dα
t is the Caputo fractional derivative

Dα
t f (t) =

1

Γ(1− α)

∫ t

0

df (τ)

dτ

1

(t − τ)α
dτ.



More properties of the fPP

Meerschaert, Nane and Vellaisamy (2011) show that the definition
of the fractional Poisson process as a renewal process with
Mittag-Leffler distribution of inter-arrival times is equivalent to the
time change definition

Nα(t) = N1(E (t)),

where N1(t), t ≥ 0 is a homogeneous Poisson process with
parameter λ > 0 and E (t), t ≥ 0 is the inverse stable subordinator
independent of N1(t).

From Beghin and Orsingher (2009), the mean and variance are

E[Nα(t)] =
λtα

Γ(α + 1)
,

Var[Nα(t)] =
tαλ

Γ(1 + α)
+

t2αλ2

α

(
1

Γ(2α)
− 1

αΓ(α)2

)
.



The covariance function of the fPP

From Leonenko, Meerschaert, Schilling and Sikorskii (2014), the
covariance function of the fractional Poisson process is

Cov[Nα(s),Nα(t)] =
λ(min(t, s))α

Γ(1 + α)
+ λ2Cov[E (s),E (t)]

where Cov[E (s),E (t)] was given earlier, so that for 0 ≤ s ≤ t

Cov[Nα(s),Nα(t)] =
λsα

Γ(1 + α)

+ λ2
( αt2α

Γ2(1 + α)
B(α + 1, α; s/t) +

αs2α

Γ2(1 + α)
B(α + 1, α)− tsα

Γ2(1 + α)

)
,

where B is the Beta function, and B(α, β; ·) is an incomplete Beta
function.



Fractional Skellam process of type I

Definition. Let N (1)(t) and N (2)(t) be two independent
homogeneous Poisson processes with intensities λ(1) > 0 and
λ(1) > 0. Let E (1)(t) and E (2)(t) be two independent inverse stable
subordinators with indices α(1) ∈ (0, 1) and α(2) ∈ (0, 1)
respectively, which are also independent of the two Poisson
processes. The stochastic process

X (t) = N (1)(E (1)(t))− N (2)(E (2)(t))

is called a fractional Skellam process of type I.

A fractional Skellam process of type I X (t) has marginal laws of
fractional Skellam type I denoted by
X (t) ∼ fSk(t;λ(1), α(1), λ(2), α(2)), which is a new distribution.



Properties of the fSk process of type I
The probability mass function of fSk process of type I is given in
terms of the three-parameter Mittag-Leffler function

P(X (t) = k) =
(
λ(1)tα

(1))k ∞∑
n=0

(
λ(1)λ(2)tα

(1)+α(2))n
× En+k+1

α(1),α(1)(n+k)+1

(
− λ(1)tα

(1))En+1
α(2),α(2)n+1

(
− λ(2)tα

(2))
for k ∈ Z, k ≥ 0 and when k < 0

P(X (t) = k) =
(
λ(2)tα

(2))|k| ∞∑
n=0

(
λ(1)λ(2)tα

(1)+α(2))n
× En+|k|+1

α(2),α(2)(n+|k|)+1

(
− λ(2)tα

(2))En+1
α(1),α(1)n+1

(
− λ(1)tα

(1))
.

The moment generating function is

E
[
eθX (t)

]
= Eα(1)

(
λ(1)tα

(1)
(eθ − 1)

)
Eα(2)

(
λ(2)tα

(2)
(e−θ − 1)

)
, θ ∈ R.



Moments

The moments of all orders can be obtained either from the
moment generating function or using the moments of the fractional
Poisson processes. For example, the first moment of X (t) ∼ fSk is

E[X (t)] =
λ(1)tα

(1)

Γ(α(1) + 1)
− λ(2)tα

(2)

Γ(α(2) + 1)
.

The variance is

Var[X (t)] =
tα

(1)
λ(1)

Γ(1 + α(1))
+

t2α(1)
(λ(1))2

α(1)

(
1

Γ(2α(1))
− 1

α(1)Γ(α(1))2

)
+

tα
(2)
λ(2)

Γ(1 + α(2))
+

t2α(2)
(λ(2))2

α(2)

(
1

Γ(2α(2))
− 1

α(2)Γ(α(2))2

)
.

A random variable X is called over dispersed if Var[X ]− E[X ] > 0.
The fractional Skellam law of type I has the property of over
dispersion.



Probability mass function for the fractional Skellam
distribution at times t = 1, · · · , 5



Probability mass function for the fractional Skellam
distribution at times t = 1, · · · , 5



Probability mass function for the fractional Skellam
distribution at times t = 1, · · · , 5



Fractional Skellam process of type II

Definition. Let S(t) = N (1)(t)− N (2)(t), t ≥ 0 be a Skellam
process. Let E (t), t ≥ 0 be an inverse stable subordinator of
exponent α ∈ (0, 1) independent of N (1)(t) and N (2)(t). The
stochastic process

Y (t) = S(E (t)) = N (1)(E (t))− N (2)(E (t))

is called a fractional Skellam process of type II.

Fractional Skellam process of type II Y (t) has marginal laws of
fractional Skellam type II, for which we shall write
Y (t) ∼ fSk(t;λ(1), λ(2), α).



Properties of the fSk process of type II

Let Y (t) = S(E (t)) be fractional Skellam process of type II, and
let rk(t) = P(Y (t) = k), k ∈ Z. The marginal distribution is given
by

rk(t) =
1

tα

(
λ(1)

λ(2)

)k/2 ∫ ∞
0

e−u(λ(1)+λ(2))I|k|

(
2u
√
λ(1)λ(2)

)
Φα

( u

tα

)
du,

where

Φα(z) =
∞∑
n=0

(−z)n

n!Γ(1− nα− α)
, 0 < α < 1

is the Wright function, also known as the Mainardi function, and
I|k| is the modified Bessel function of the first kind.



Differential equations

The marginal distribution of the fSk process of type II satisfies the
following system of fractional differential equations:

Dα
t rk(t) = λ(1)(rk−1(t)− rk(t))− λ(2)(rk(t)− rk+1(t))

with the initial conditions r0(0) = 1 and rk(0) = 0 for k 6= 0.

The moment generating function L(θ, t) = EeθX (t) is

L(θ, t) = Eα(−(λ(1) + λ(2) − λ(1)eθ − λ(2)e−θ)tα),

and for every θ ∈ R it satisfies the fractional differential equation

Dα
t L(θ, t) = (λ(1)(eθ − 1) + λ(2)(e−θ − 1))L(θ, t)

with the initial condition L(θ, 0) = 1.



Properties of the FSk process of type II

From the general result from Leonenko, Meerschaert, Schilling and
Sikorskii (2014) for time-changed Lévy processes

E[Y (t)] =
tα(λ(1) − λ(2))

Γ(1 + α)
,

Var[Y (t)] =
tα(λ(1) + λ(2))

Γ(1 + α)
+
(
λ(1) − λ(2)

)2
t2α

[
2

Γ(2α + 1)
− 1

Γ(1 + α)2

]
and for 0 ≤ s ≤ t

Cov[Y (t),Y (s)] =
sα(λ(1) + λ(2))

Γ(1 + α)
+
(
λ(1) − λ(2)

)2 Cov[E (t),E (s)],

where the covariance function for the inverse stable subordinator is
given earlier. The fSk law of type II also has the property of
overdispersion, as does the fSk law of type I.



Empirical investigation

I We consider transaction records for the September 2011
Eurofx over a three month horizon from the 22nd June until
expiration on the 22nd September 2011.

I The Eurofx is a type of forward asset known as a future, a
contract to buy (or sell) as assett at predetermined future
date and price.

I Unlike options that give the right to buy or sell, futures are
obligations.

I The data set was obtained directly from the Chicago
mercantile exchange. The market is open from 12pm Sunday
evening until Friday at 5pm with a one hour close each day
between 4pm and 5pm.



Data

I The price of the forward asset at time t is denoted by F (t),
t = 1, 2, ...,N.

I For this period there are N = 5, 465, 779 timestamped
transactions recorded.

I Of these records, 71% of transactions get completed at the
previous trade price.

I No tick change from one trade to the next, and single tick
price changes account for 98% of all transactions.



Data continued

I Close symmetry between negative and positive tick jumps of
the same magnitude is seen. For example, the count for jumps
of three ticks up or down is 1,411 and 1,419 respectively a
difference of only eight counts, with a similarly finding for
jumps of a four ticks.

I The data contain the transacted price along with timestamps
binned to the nearest second.

I When multiple trades occur during the same second interval,
the trades are recorded in the order they are filled but with
identical time stamps. Since we are interested in the inter
arrival time between trades this rounding off in timestamps
will cause a data loss.



Filtered data
I Another issue is market micro structure noise in the form of

the bid-ask bounce.
I The futures contract is very liquid and it not uncommon to

see strings of transactions occurring in rapid succession
bouncing from the bid to the ask, a difference of a single tick.

I The data set does not implicitly state the bid and ask prices,
therefore we have only interpreted the price bounce to be such
a spread from the transaction records of series of positive and
negative jumps of a single tick.

I We filter the series by only recording the transactions if they
go outside the bid ask spread. The spread is fixed to a single
tick of 0.0001 by setting F (0)bid = F (0) and
F (t)ask = F (t)bid + 0.0001 and computing F (t)bid as

F (t)bid =


F (t − 1)bid if F (t − 1)bid ≤ F (t) ≤ F (t − 1)ask

F (t) if F (t) < F (t − 1)bid

F (t)− 0.0001 if F (t) > F (t − 1)ask



Price path plot of original and filtered data
The resulting filtered transaction chain still contains 5, 465, 779
records but we now deleted all entries where the bid price has not
changed from previous bid price.



Separation of up and down jumps

Next we consider the up and down jump processes in two models
for the spot prices. First is the Skellam model of Barndorff-Nielsen,
Pollard and Shephard (2011). It is known that jumps of two
independent Lévy processes are not simulataneous almost surely.

The second model is fSk process of type I model to model the
price movements. As follows from the lemma below, absence of
simultaneous jumps also holds for two components in fractional
Skellam process of type I.
Lemma. Let X (t) = N (1)(E (1)(t))− N (2)(E (2)(t)) be the fractional
Skellam process of type I. The processes N (1)(E (1)(t)) and
N (2)(E (2)(t)) have no common points of discontinuity almost surely.



Up and down jump processes

I To construct the up jump time series we remove all trades
with negative jumps leaving 317, 212 observations.

I All identical time stamps are removed leaving only the last
recorded entry for each second.

I A time series of 253, 092 entries remained representing the
positive jump process.

I Similarly, a time series of 281, 833 observations was left
representing the down jump process.

I The up and down processes in our model are the fPPs.
Estimation of its parameters is discussed in Cahoy, Uchaikin
and Woyczynski (2013).



Statistical analysis
Let T be a random variable with Mittag-Leffler distribution and
T1, . . . ,Tn iid sample. The moment estimators for the parameters
are

α̂ =
2π√

2(6Var[ ̂log(T )] + π2)

, and λ̂ = exp{−α̂(E[ ̂log(T )] + γ)},

where γ is Euler’s constant and

E[ ̂log(T )] :=
1

n

n∑
i=1

logTi , Var[ ̂log(T )] :=
1

n

n∑
i=1

(logTi−E[ ̂log(T )])2.

The estimator for α is asymptotically normal as as n→∞:

√
n(α̂− α) −→ N

[
0,
α2(32− 20α2 − α4)

40

]
,

and we obtained an asymptotic (1− ε)100% confidence interval for
α.



Survival function of the up jumps



Log of the survival function of the up jump process



Survival function of the down jump process



Log of the survival function of the down jumps



Summary and future work

I In summary, we have shown that the inter-arrival times
between the jumps in both the positive and negative jump
processes are clearly not exponential.

I The Mittag-Leffler law provides a closer fit to the data,
however the fit is not perfect and even with the added
flexibility of an additional parameter, the Mittag-Leffler does
not seem to provide tails that are as heavy as the market
suggests.

I Although the magnitude of ninety eight percent of jumps is a
single tick, there is the case to extend the models further to
allow for jumps greater than one tick.

I One possibility is to consider models that include the
difference of fractional compound Poisson processes.
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